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C ' We give a possible generalization to the example in the paper of Zanardi and 



^ i' Rasetti ( quant -ph 9904011 ). For this generalized one explicit forms of adiabatic 



connection, curvature and etc. are given. 
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This is a comment paper to Zanardi and Rasetti|[I| and the aim is to give a mathe- 
matical inforcement to |]T|. 

After the breakthrough by P. Shor0 there has been remarkable progress in Quantum 
Computation (or Computer) (QC briefly). See [^] in outline. 

On the other hand, Gauge Theories are widely recognized as the basis in quantum 
field theories. Therefore it is very natural to intend to include gauge theories in QC ■ • • 
a construction of "gauge theoretic" quantum computation or of "geometric" quantum 
computation in our terminology. 

Zanardi and Rasetti proposed in [jl| and Q such an idea using non-abelian Berry 
phase (quantum holonomy), see also |^. In their model a Hamiltonian (including some 
parameters) must be degenerated because an adiabatic connection is introduced using 
this degeneracy 0. 

They gave a simple example to explain their idea. However there are many misprints 
in their calculations, so it is not easy to follow their idea. 

We believe that this example will become important in the near future. Therefore 
we deal with it once more and give a possible generalization. For the generalized model 
explicit forms of adiabatic (Berry) connection, curvature and etc are given. 

It is not easy to predict the future of gauge theoretic quantum computation. However 
it is an arena worth challenging for mathematical physicists. 

We start with mathematical preliminaries. Let 7i be a separable Hilbert space over 
C. For m G N, we set 

st^{H) = [v = {v^,---,v„;)en^---^H\vW = irr] , (1) 

where 1^ is a unit matrix in M(m, C). This is called a (universal) Stiefel manifold. Note 
that the unitary group t/(m) acts on StmiTi) from the right: 

Stmin) X U{m) -^ Strain) : (V, o) ^ Va. (2) 



Next we define a (universal) Grassmann manifold 

GrmiH) = {X G M{n) \X^ = X,X^ = X and trX = m} , (3) 

wliere M{7i) denotes a space of all bounded linear operators on 7i. Then we have a 
projection 

TT : Stun) ^ GrUn) , 7i{V) = VV^ , (4) 

compatible with the action (|) {TT{Va) = Va{Vay = Vaa^V^ = VV^ = 7r{V)). 
Now the set 

{Uim),StUn),7c,GrUn)} , (5) 

is called a (universal) principal U{m) bundle, see and |§]. 

Next let M be a n-dimensional differentiable manifold and the map P : M ^ GrmOi.) 
be given. For this P the pull-back bundle over M is defined as follows 0: 

{U{m), E, TIE, M) = P* {U{m), St^n), tt, Gr„(7^)) , 
E = {{x,V)eMxStUn)\P{x)=7T{V)} , 

TlE-.E^M, 7lEi{x,V))=X . 

U{m) U{m) 

E -^ Stun) (6) 



M -^ GrUn) 
For the (canonical) local section induced from that of (^ 

: [/(open C M) ^ E , (7) 

we can write 0(x) = (x, V{x)) on U, so the canonical 1-form A (gauge field) is defined as 

A = VUV on U , (8) 



where d is a differential form on U G M. Tliis is a local form. From this we obtain a 
curvature form 

J^ = dA + AAA = dV^ AdV + VUV A VUV . (9) 

Now if we define a map P{x) = V{x)V{xy , the curvature 2-form of this (induced) bundle 
is given by PdP A dP which is related to @ by 

PdPAdP = V{dA + AAA)vK (10) 

The left hand side of ([To|) is a global form. 

We are very interested in the example in [Q, so we give a possible generalization of 
that and study it in detail. 

Let a{a'') be the annihilation (creation) operator of the harmonic oscillator. If we set 
A^ = a^a (: number operator), then 

[N, a^] = a^ , [N,a] = a , [a, a^] = 1 . (11) 

Let ?i be a Fock space generated by a and a\ and {1^)1?^ G N U {0}} be its basis. The 
actions of a and a^ on H are given by 



a\n 



) = y/^\n - 1) , aV) = Vn + l|n + 1) , (12) 



where |0) is a vacuum (a|0) = 0). 

For A G C the coherent state |A) G 7i is given by 

|A) = e^'^'-^^lO) , (13) 

see 0. By the elementary Baker-Campbell-Hausdorff formula[^], the unitary operator in 
(p^) is decomposed into 

Next we assign 

K+^l {a^f ,K^^\a\K,^\ [a^a + ]>j\ (15) 



Then we have 

[Ks, K+] = K+ , [Ks, K_] = -K. , [K+, K_] = -2K^ . (16) 

That is, the set {K^, K_, K^} gives a unitary representation of su{l, 1) with spin 1/4, pi| . 
For /i G C the squeezed state (the coherent state of Perelomov's type in our terminology 
Q) l/w) is given by 

l/i) = e^^--^^-|J,0), (17) 

where ||, 0) is a vacuum {K_\^, 0) = 0). Now applying the disentangling formula [1^ and 



Tl| to the unitary operator in (p!7| ) we obtain 



where ( = /itanh |/i|/|/i|. 

Under preliminaries above let us proceed to the main subject. Let Hq be a Hamiltonian 

Ho = hujN{N - 1) ■ ■ • (iV - m + 1) , (19) 

for 771 G N (the author does not know whether or not a Hamiltonian of this type is 
"natural" in quantum optics or quantum filed theories). 
This has a m-fold degenerate vacuum because if we set 

C = Vect{|0),|l),---,|m-l)} , (20) 

then HoC = 0. 

Now note that (|0), |1) ■ ■ ■ , |m — 1)) G StmiTi.) in (|1]). We consider a two-parameter 



isospectral family 



H^x,,) = UiX,fi)HoUiX,fi)^ , (21) 

[/(A,/i) = e^^'-~^''e>'^+->'^- , (22) 



where (A, /i) G C^. Since (0) is isospectral we have no level-crossing of eigenvalues for the 
parameters (adiabatic!). In the following we focus our attension on the ?7i-fold degenerate 
vacuum. 



U = [/(A,/i) in ( P2| ) is unitary, so 

urn, |1), ■ ■ ■ , |m - 1)) = iU\0),U\l), ■■■,U\m-l))e St^H) , (23) 

U\^Jj){j\\u^eGrUn). (24) 

Namely (0) with (p2D gives a classifying map 



'm— 1 



P : C2 ^ Gr„(7^) , P(A,/i) = f/(A,/i) ^ |j)(j| f/(A,/i)t (25) 

in our terminology. From now on our target is the pull-back bundle (^ by this map: 

{u{m),E,7fE,C^) = P* {U{m),StUn),n,Gr„,{n)) , 

E = {((A,/i) , f/(A,/i) (|0), |1), ■ ■ ■ , |m - 1))) I (A, f,) e C'} . (26) 

First of all let us calculate a canonical connection form (adiabatic connection) (^ for 
(p6|). Setting for simplicity 

V{\, /i) = f/(A, /i) (|0), |1), ■ ■ • , |m - 1)) = [/(A, /i)K) , (27) 

the connection form A is 

A = V{X, fi)Uv{X, /i) = V^U{X, i^)Uu{X, /i)K) , (28) 

where 

d d - d _ d 

d = d^iTT + djJ^TT + dX—^ + djj,—^ . 
oX oil oX Ofi 

To calculate WdU we utilize (0) and (plsl) . Making use of 

= e-|^lV2eAatg-Aag(Mat)2-/ia2)/2 ^ ^^ ^29) 

^gAat-AagC(at)V2glog(l-|CI')|(ata+^)g-C«V2 ^ (39) 

where C = /^tanh |/i|/|/i|, we can calculate U^^dxU and U'^^d^U. Before stating our 
calculation, we list some useful formulas: 

^ / tanh|2;|\ l/ ,9, , tanh|2;|\ 

dz z — — ^ = - 1 - tanh^ \z\ + 



2 V ' ' \z\ 



dzlogll — tanh^ \z\ 



d,, \ z 



tanh \z\ 



\z\ 



2\z\ 



2; tanh \z\ 



1 — tanh \z\ 



tanh \z\ 



Let us state our resuh. 
Lemma 1 We have 



A_ 



^r T r^ ^r ^'-, ,11+ W Sluh U 

U'^dxU = -1 + cosh |/i|a^ + ^ , , ' a 

1 /isinh^ l/^l / + 1 
H Ty [ a'a -\ — 



l/^l 



+ 



1 fi 



r.'i 



A I |2 



cosh lul sinh |u|\ , 
-1 + ^^^ ^— a^ 



(31) 



(32) 



Compare ( [31| ) and (^) with those of |I|. Since the connection A is anti-herniitian [A^ 
—A), it can be written as 



A = AxdX + A^dfx - A{d\ - A\dji 



^"-A- , 



(33) 



so we have, for k = X, fi, 



4rr-i; 



A, = V^U-'d,UVo = ({z\U-'d^U\j)) , 0<z,j<m-l 



(34) 



comparing ( p3D with (|28|). 

Now it is easy to find Ax and A^ using Lemma 1 and (|12]). 
Proposition 2 We have 



' 2 

cosh |/i| 



A; 



^sinh |/x| 

A 

2 

\/2cosh |/i| 



/77 /jsinh|/j| 



^/^^^^yAEgiH 



"v/to- — 1 cosh |/Li| 



(35) 



/ 5" 



A.. 



V2f3 

(| + l)a Vei3 

\/27 {|+2)a 

V67 



^(m- 2)(m-- l)/3 



(i+m-2)a 



V 



where a,/3 and 7 are, respectively, 



^(m-2)(m-l)7 



(36) 



1 / cosh |yu| sinh |/i| 



^-i|l + 



lA^I 



""2" 



1 /isinh^ |/i| 



1^1 



|2 ' 



/9 = 



/i^ 



4|/i| 



(i+m-l)a / 



cosh |yu| sinh |yu| 



(37) 



A comment here is in order. By the diagonal parts of (|35|) and (|36[) we have the Berry 
phase stated in [|l^ easily. 

Since we have obtained the adiabatic connection form A, let us calculate the curvature 
forn JF in d^). A little calculation with (|33| ) leads to 

J^ = {dxA^ - d^Ax + [Ax, A^]) dX A d/i 

- {dxAi + d-xAx + [Ax, A{]) dX A dX 

- [dxAl + d^Ax + [Ax, 4]) dX A dfi 

- {d^A{ + d-xA^ + [A^, Ai]) dfi A dX 

- [df,Al + df,A^ + [A^, Al]) dfi A dfi 
-{dxAl-d-,A\-[A{,Al])dXAd-^, 

To calculate each term in (|38D let us introduce some notations. We set E, F,K,L G 
M{m] C) such as 

/O 1 \ 

72 

■•. 



E 



^m- 1 




F = E^ 



/o 



/o 



K 



, L 



(3^ 



V 



1/ 



1/ 



Note that 



/O 





EK 



V 
Now we state our calculation. 

Proposition 3 

/i^ cosh |/i| 



V^-1 
/ 



KF = {EKy . 



T 



m- 



/isinh \fi\ 



cosh \fi\ sinh |/i| 



Efs: 



-m- 



4|/i| 
-mKdX A (iA 
cosh |yu| I 



-^ ^ cosh M sinh H \l^^^^^ 



— < m- 



-7T2- 



— < — ?T2- 



+m 



4 
/isinh |/i| 

4|/i| 
/isinh |/i| 

4|/i| 
cosh |/i| / 



'^ cosh|/x|sinh|/i| \ ^^ 



-1 



cosh |/i| sinh |/i| 



KF}d\Adfi 



/^ ^ cosh|/i|sinh|/i| \ ^^ 

cosh I /i I sinh I /i I \ ^,^1 , ,v 
1 + ^-^ ^ KF Ufi A dX 



m cosh lul sinh lul^ mfm — 1) cosh lul sinh lul 1 , 

"^' "^-ir+^ ^ ^^^ —L}dfxAdfi 



2 |/i| 

/isinh \fi\ 



m- 



+m 



4|/i| ' 
/i^ cosh |/i| 



1 + 



4 \fi\ 

cosh |/i| sinh |/i| 



EK 



l/^l 



cosh |/i| sinh |/i| 



KF\d\Adfi 



This is our main result. We, in particular, consider the case oi m = 2. Since 



E 



K 



L 



(39) 



(40) 
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EK = E , KF = F , (41) 

it is easy to see that the target of JF covers all of Lie algebra u(2). This means that the 
connection A is irreducible ■ • ■ the holonomy group of A is just U{2). See [|l|, 0] and 0. 
However for m > 3 the target of JF does not cover all of u{m), so A is not irreducible. 
Corollary 4 When m = 2, A is irreducible {^), while A is not irreducible for m > 3. 

Now since we have obtained the connection form JF, let us moreover calculate J-'^ 
(JF'^ = for A; > 3 becomes dimcC^ = 2). A little calculation leads to 

Corollary 5 

^9 f m^(m — 1) cosh lul sinh lul m^(m + 1) cosh lul sinh lul^l ,, , ,v , 

J^^ = <^ ^ ^ ^^^ ^L ^ ^ ^^^ ^-^K }dX AduAdXAdu . 

\ 4 |/i| 2 l/i| J 

(42) 
We have obtained only abelian parts of Lie algebra u{m). We are now in a stage to calcu- 
late several geometric quantities such as Chern class, Chern character and Chern-Simons 
class (see 0) making use of A (Proposition 2), JF (Proposition 3) and JF^ (Corollary 
5). However we leave these calculations to the (young!) readers because they are good 
excercises to learn the geometric method in mathematical physics. 

We would like to close this paper by proposing a future subject. From Corollary 4 
the connection form A is not irreducible for m > 3. This is insufficient for "geometric" 
quantum computation (|jl|), so that we must make a further generalization of our model. 
For example, for the Hamiltonian (|19D we would like to consider a ?7i-parameter isospectral 
family: 

H^xu-Am) = UiXi, ■ ■ ■ , X^)HoUiXi, ■ ■ ■ , A^)^ , (43) 

m 

U{X,, . . . , A^) ^ P n exp {{Xjia^y - \ja^)/j} , (44) 

where (Ai, ■ ■ ■ , Am) G C™ and V means path-ordering. This model may be good at first 
sight. However we meet a difficulty immediately. Since a disentangling formula such as 
(0) or ([ISD is not known as far as we know, we can not calculate the connection form 



A from (0). As for disentangling formulas see [|ri[] or [|13[. It is an important subject to 
overcome this difficulty. 

9 



Acknowledgement. 

The author wishes to thank Dr. K. Funahashi for his helpful comments and suggestions. 

References 

[1] p. Zanardi and M. Rasetti : Holonomic Quantum Computation, |quant-ph 9904011 . 



[2] P. W. Shor : Polynomial-time algorithms for prime factorization and discrete log- 



arithms on a quantum computer, SIAM J. Computing., 26(1997), 1484, Iquant-ph 
95080271. 



[3] H. K. Lo, S. Popescu and T. Spiller (Eds) : Introduction to quantum computation 
and information. World Scientific, Singapore, 1999. 

[4] P. Zanardi and M. Rasetti : Non-Abelian Berry connections for quantum computa- 



tion, |quant-ph 9907103 



[5] J. Preskill : Fault- Tolerant Quantum Computation, |quant-ph 9712040| 8. 



[6] A. Shapere and F. Wilczek (Eds) : Geometric Phases in Physics, World Scientific, 
Singapore, 1989. 

[7] M. Nakahara : Geometry, Topology and Physics, lOP Publishing Ltd, 1990. 

[8] K. Fujii : Solutions of A^o Toda equations based on noncompact group SU{1, 1) and 
infinite-dimensional Grassmann manifolds, J. Math. Phys., 36(1995), 1652. 

[9] J. R. Klauder and Bo-S. Skagerstam (Eds) : Coherent States, World Scientific, 
Singapore, 1985. 

[10] A. Perelomov : Generalized Coherent States and Their Applications, Springer- 
Verlag, 1986. 

[11] K. Fujii and T. Suzuki : A Universal Disentangling Formula for Coherent States of 



Perelomov's Type, |hep-th 9907049 



10 



[12] S. Seshadri, S. Lakshmibala and V. Balakrishnan : Geometric phases for generalized 
squeezed coherent states, Phys. Rev. A55(1997), 869, |quant-ph 9905101 . 



[13] M. M. Nieto and D. R. Truax : Higher-Power Coherent and Squeezed States, |quant-| 
I ph 9908018. 



11 



